The osmotic pressure of a knotted ring polymer in a confining cavity is modelled by a lattice polygon confined in a cube in Z 3 . These polygons can be knotted and are called lattice knots. In this paper the GAS algorithm [18] is used to estimate the free energy of lattice knots of knot types the unknot, the trefoil knot, and the figure eight knot, as a function of the concentration of monomers in the confining cube. The data show that the free energy is a function of knot type at low concentrations, and (mean-field) Flory-Huggins theory [12, 15] is used to model the free energy as a function of monomer concentration. The Flory interaction parameter of lattice polygons in Z 3 is also estimated. At critical values of the concentration the osmotic pressure may vanishes, and these critical concentrations, suitably rescaled, is dependent on knot type. ‡ rensburg@yorku.ca arXiv:1903.00441v3 [cond-mat.stat-mech] 
Introduction
The effects of topology on the free energy of a polymer is a widely studied topic [8, 29, 44] . These effects are important in biological systems [22, 35, 36] since the biological function of DNA and other biopolymers are dependent on entanglement and linking between polymers and knotting in polymers [5] .
The study of knotting in polymers dates back more than 50 years [9, 10] . The free energy of polymers in solvents, and of polymer melts, and in particular the entropy of these solvents and melts, depend on the knotting, linking and entanglement of the polymers [8, 29, 45] . It is, for example, known numerically and by rigorous proof, in several random polygon models of ring polymers, that there is a high probability of knotting, at least in the asymptotic regime [21, 34, 38, 42] . The impact of knotting and entanglements on the free energy of a polymer was analysed in a variety of different models [28, 30, 33, 43] and there is now a large literature devoted to knots in models of polymers; see for example references [27, 31, 39, 40, 42] . Figure 1 : A lattice polygon confined to a square in Z 2 is a two dimensional model of a ring polymer which is compressed in a cavity. In this particular diagram the length of the side of the confining square is 10, and it contains 11 2 = 121 lattice sites. We say that the dimension of the confining square is 11 and its volume is 121.
Knotting in self-avoiding walk models of polymers has received much attention in the literature [19, 32, 42] . The usual model for knotting in ring polymers is a lattice polygon in a three dimensional lattice, often called a lattice knot. It is known that the conformational entropy of a lattice knot is a function of its knot type [34, 42] . That is, the conformational entropy of an unknotted cubic lattice polygon is different from that of a polygon of unrestricted knot type [42] ; see references [19, 46] for numerical evidence. The entropy of lattice knots continues to be the subject of numerous studies, including more recent work in references [2, 25] . In references [26] [27] [28] the effects of a confining space on the entropy of a model of a ring polymer of fixed knot type was examined.
In this paper we look into the entropic properties of a self-avoiding walk model of a confined ring polymer of fixed knot type. The ring polymer is modelled by a closed self-avoiding walk (called a lattice polygon) confined to a cube in the cubic lattice Z 3 (see figure 1 for the two dimensional analog of this model). A polygon confined to a cube will be called a compressed polygon, and if its knot type is fixed, then it is a compressed lattice knot. Such compressed lattice polygons are models of biopolymers in confined spaces (such as in living cells) [7, 9] . Other models of compressed polygons were considered in references [23, 24] , as a coarse grained lattice model, and using a bond fluctuation model in reference [4] .
We are particularly interested in the following questions: (1) How are the translational and configurational free energy of the polygon dependent on the concentration of monomers (modelled by vertices in the polygon) in the confining cube, and (2) what is the impact of topology (that is, of knot type) on the free energy of the polymer?
With respect to the first question, the model is a lattice polygon confined to a cube in Z 3 (see reference [14] for a model of a self-avoiding walk confined to a square in the square lattice). The confining cube has side-length L−1 and contains L 3 lattice sites -in this case the dimension of the cube is said to be L and its volume is V = L 3 . The concentration φ of the lattice polygon is the number of monomers (vertices) per unit volume. The concentration of solvent molecules (lattice vertices in the cube disjoint with the lattice polygon) is φ s = 1 − φ. I assume that the monomers in the polygon is chemically identical with solvent molecules, and that these can freely exchange so that the equilibrium length of the lattice knot is determined by a minimum in the free energy (which is a function of φ).
There are both translational and conformational contributions to the entropy in the model, as shown in figure 2 . At low concentrations the polygon is very short, and it has low conformational entropy but can be translated inside the (relatively large) confining space (see the left panel in figure 2 ). That is, there are translation degrees of freedom which makes the dominant contribution to the entropy. For a polygon of length n in a cube of dimensions L this is the low concentration regime, and it is encountered when n L. At high concentration the polygon has no translational degrees of freedom, but a large number of conformations; see the middle panel of figure 2 . In this case the dominant contribution to the entropy is due to conformational degrees of freedom. Thermodynamic quantities (for example, the osmotic pressure of monomers in the lattice polygon, or of solvent molecules) can be determined from the free energy, and these are functions of the concentration φ.
In this paper I proceed by numerically estimating the free energy in a model of compressed lattice knots, and then investigating the dependence of the free energy on the concentration of monomers and on the knot type of the lattice knot, for the knot types the unknot 0 1 , the trefoil knot 3 1 , and the figure eight knot 4 1 ; see figure 3 . The discussion will be organised using Flory-Huggins theory [7, 12, 13, 15] and estimating the Flory Interaction Parameter of lattice knots.
The free energy of the compressed lattice knot will be shown to be dependent on dependent on knot type. This dependence is due to the topological differences between knot types which induces different levels of entanglement particularly at low concentration where the dependence on knot type is significant.
In section 2 a short review of Flory-Huggins theory is given, with the emphasis on making a connection between the free energy per unit volume of a compressed lattice polygons, and the free energy of mixing in Flory-Huggins theory (the free energy of mixing is obtained by including energy terms due to monomer-solvent interactions, and discarding all terms which are constant, or linear in the concentration, from the free energy). The Flory-Huggins free energy of mixing is also not a function of the coordination number of the lattice. Since the estimated free energy is a function of the coordination number of the lattice, it is shown that introduction of a term linear in the concentration in the free energy of mixing accounts for this dependence, giving a suitable model for analysing the free energy of compressed cubic lattice polygons.
I present numerical data on this model in section 3 . By using Flory-Huggins theory to model the free energy of compressed lattice knots, the Flory interaction parameter χ for confined lattice knots is estimated:
The osmotic pressure is also determined using a numerical derivative of the free energy; see reference [16] for additional results. As shown in reference [16] , the osmotic pressures for the knot types 0 1 , 3 1 and 4 1 , are negative for low concentrations. In the case of the unknot 0 1 the osmotic pressure goes through a minimum at a critical concentration φ c 0.209 L −4/3 where the dimension of the confining cube is L. The osmotic pressure also vanishes at the concentrations φ 0 0.149 L −4/3 and φ m 0.286 L −4/3 . In the interval (φ 0 , φ m ) the osmotic pressure is negative, and and otherwise it is positive.
Different results are seen for the knot types 3 1 and 4 1 . The osmotic pressure vanishes at a critical concentration φ 0 ; namely at φ 0 3.94 L −4/3 for the knot type 3 1 and φ 0 4.48 L −4/3 for the knot type 4 1 . At low concentrations φ < φ 0 , the osmotic pressure for these knot types remains negative, in contrast of the case for the unknot, where the osmotic pressure is positive if the concentration drops low enough. For φ > φ 0 the osmotic pressure for the knot types 3 1 and 4 1 is positive and increasing.
In section 4 the paper is concluded with a few final remarks.
Flory-Huggins theory and the free energy of compressed lattice knots
The number of states of polygons of knot type K and length n in Z 3 is denoted by p n (K). The free energy, per unity length (per edge), is given by log µ K = lim sup n→∞ 1 n log p n (K)
where the limsup is taken through even values if n. If K is the unknot, then it is known that this limit exists [42] , and it is denoted by log µ 0 1 . The function µ K is the growth constant of lattice knots of type K.
If the lattice knot is compressed, then its free energy changes, and it becomes a function of the concentration φ. This can be modelled by using Flory-Huggins theory [13, 15] (this is a mean field theory for modelling the free energy of concentrated solutions of polymers or of polymer melts). The theory is based on (1) a mean field estimate of the entropy, and (2) a second order approximation of monomer-monomer and monomer-solvent interactions. The theory is concerned with the free energy of mixing, rather than the total free energy, and so ignores linear and backgrount terms contributing to the total free energy (it is, for example, not a function of the lattice coordination number).
If a single chain is considered, then the entropy per unit volume V , of a polymer in a confining space, is estimated by
where φ = n V is the volume fraction (or concentration) of monomers in a chain of length n (degree of polymerization) [15] .
The entropy of mixing [12] is the difference between S site (φ) and the weighted average of the entropy of pure solvent S site (0), and pure polymer S site (1):
This cancels terms linear in φ and is independent of the coordination number of the lattice. The energy of mixing per site has contributions for solvent-solvent, monomer-monomer and monomer-solvent interactions. For example, the contribution of monomer-solvent interactions is approximated by E M S = T χ M S φ (1−φ), and is a two-body approximation, leaving out higher order contributions. Contributions from monomer-monomer and solvent-solvent interactions are similarly given by E SS = T χ SS (1−φ) 2 and E M M = T χ M M φ 2 . Collecting the second order contributions, and then computing the energy of mixing similar to S mix above, gives the energy of mixing
where χ = χ M S − 1 2 (χ M M + χ SS ) is the Flory Interaction Parameter. The mean field free energy of mixing per site F mix is given by adding to −S mix the energy of mixing 1 T E mix per site [7] :
Expanding for small values of φ gives
The (Edwards) excluded volume parameter is the coefficient of the quadratic term given by υ = 1 − 2χ [11] . If υ = 0 then the polymer is in θ-conditions and the first correction to φ n log φ in F mix is the third order term in φ. If υ < 0 then the polymer is in a poor solvent, and if υ > 0 it is in a good solvent. Notice that there are no linear terms in φ in the expansion. The parameter χ is the Flory interaction parameter, and it is a measure of the (repulsive) interactions between solvent molecules and monomers. χ tends to be positive [7] and increasing with T . Good solvents have small values of χ and if χ = 0 then the solution is said to be "athermal". When χ = 1 2 then the solvent is marginal and the polymer is in θ-conditions [7] . For χ > 1 2 the solvent is poor and the polymer may collapse from a coil to a globule phase [6, 41] .
The derivation of F mix discards terms linear in φ, and also does not include multi-body interactions between monomers and solvent molecules. Instead, it only includes a two-body interaction between monomers and solvent molecules, and introduces the term χ φ(1−φ) to account for this. The total free energy of the model in figure 1 is dependent on the lattice coordination number, and it will be shown that the addition of a term linear in φ can account for this.
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The Flory free energy of mixing F mix in equation (3) is also a free energy per unit volume, and so is related to F V . However, F V is a function of the lattice coordination number, and linear terms were discarded in the mean field derivation of F mix . Thus, the free energy of mixing F mix is a mean field approximation to F V up to missing linear terms in φ (and also up to cubic and higher order terms in φ), and these terms should be a function of the lattice coordination number. That is, a mean field assumption for F V , based on the Flory-Huggins free energy of mixing, would be
where a 0 is a constant dependent on the lattice coordination number, as will be seen below.
The osmotic pressure is defined in terms of F V by Π = − d dV F tot = φ 2 ∂ ∂φ ( 1 φ F V ) (see equation III.12 in reference [7] ), and, since the linear term in equation (9) vanishes when the derivative is taken, this gives the following Flory-Huggins mean field expression for Π:
where it was noted that φ = n V . The term 1 V in equation (10) quickly vanishes when L increases, and so, even for small values of L, it will be left away. This expression should break down for high concentrations, since Π is a derivative of F V and the Flory-Huggins free energy has a logarithmic singularity when φ → 1 − .
In figure 4 a schematic diagram for F V with χ = 1 4 and a 0 = −0.10 is shown. F V is represented by the solid curve and it is a convex function of φ.
The osmotic pressure Π is the dashed curve, and it is generally positive and increasing with concentration φ.
The free energy per monomer of the lattice knot is given by
Using the model in equation (19) , the mean field Flory-Huggins expression for f t (φ) is
where the possibility that χ L is a function of L is explicitly indicated. Taking L → ∞ (and so V → ∞) gives the limiting curve
provided that φ > 0 and where χ K is the limiting value of the Flory interaction parameter for these models of lattice knots. Taking the limit φ → 0 + on the right hand side gives
This is the zero concentration limit, and this should be equal to − log µ 3 (K). To see this, place a polygon of length L and knot type K in a cube of dimensions L 3 . The number of polygons in the cube is O(L 3 ) × p L (K) (where p L (K) is the number of polygons of length L and knot type K). Taking logarithms, dividing by L and taking the limit superior as L → ∞ gives − log µ 3 (K) while the concentration goes to zero as O(L −2 ). This shows that a 0 = 1 − log µ 3 (K).
That is, fitting numerical data against f t (φ) for finite values of V should give estimates of a 0 which approaches 1 − log µ 3 (K) as V increases, while χ L approaches a limiting value which is equal to the Flory interaction parameter of the polygons.
Numerical data
The GAS algorithm [17, 18] was implemented with BFACF elementary moves [1, 3, 20] to sample lattice knots in Z 3 along a sequence in state space [18] . Confining the lattice knot to a cube reduces the size of state space, and creates lattice knot irreducibility classes fitting inside the cube. This reduction in the size of the irreducibility class is a model of the reduction in entropy when a ring polymer is confined to a cavity. In each model (defined by the knot type of the compressed lattice knots, and by the dimension of the confining cube) there is a irreducibility class which contains the minimum length lattice knots.
In the case of the unknot there are three minimal length realisations of length 4 in the cubic lattice, namely the unit square in each if the three lattice planes in Z 3 . When confined in a cube of dimension L (and side length L−1) these minimal length unknotted polygons are members of an irreducibility class which will be called the natural class of compressed (unknotted) polygons. The number of states of minimal length in the natural class of unknotted lattice knots can be counted, and these numbers are shown in the second column of table 1; for a cube of dimension L the number of minimal length lattice knots of length 4 is 3L(L−1) 2 . For example, if L = 2 (the cube with 8 sites) there are 6 polygons of length 4. The situation is more complicated if the polygons are knotted. For example, for lattice knots of knot type 3 1 (the trefoil) in a cube of dimension 5 (with 5 3 sites), a computer count gives 30104 lattice knots of minimal length n = 24 which will fit inside the cube (with lattice knots equivalent under translations counted as distinct). These minimal length lattice knots are members of the natural class of compressed lattice knots of knot type 3 1 (the trefoil) in the cube of dimension 5 and with 125 lattice sites.
More generally, for the knot type 3 1 , p 24 (3 1 ) = 3328, since there are 3328 distinct (up to translation) realisations of these minimal length lattice knots of length (n = 24) [37] . One-half of these will be left-handed trefoils, and the other half are right handed. In a cube of dimension 3 (with 3 3 = 27 sites), none of these minimal lattice knots will fit, and so the natural class is empty. In a cube of dimension 4 (with 4 3 = 64 sites) there are 3304 minimal length lattice knots which can be placed inside the cube. This gives a natural class of 4168 lattice knots (with placements equivalent under translations counted as distinct). There are also 24 minimal length lattice knots of type 3 1 which will not fit into the cube of dimensions 4. In other words, the natural class of minimal length lattice knots does not include representatives of these polygons, and this is indicated by the * in table 1. The GAS algorithm finds all these 4168 states in the natural class (provided that rigid rotations and reflections of the entire polygon is added to the BFACF moves). L 3 0 1 (n = 4) 3 1 (n = 24) 4 1 (n = 30) 2 3 6 − − 3 3 36 − − 4 3 108 4168 * 864 * 5 3 240 30104 18048 6 3 450 97752 73440 7 3 756 227080 188928 8 3 1176 438056 386400 9 3 1728 750648 687744 10 3 2430 1184824 1114848 11 3 3300 1760552 1689600 12 3 4356 2497800 2433888 13 3 5616 3416536 3369600 14 3 7098 4536728 4518624 15 3 8820 5878344 5902848 All minimal length lattice knots of type 3 1 can be placed inside a cube of dimension 5 3 , and the natural class contains 30104 minimal length lattice knots. The algorithm, if implemented with rigid rotations and reflections of the confined lattice knot inside the cube, finds all these states, so that the natural class contains all minimal length lattice knots in a cube of dimensions 5 3 . This is similarly true for larger cubes-the number of minimal length states in each case is listed in table 1. Similarly, there are 3648 minimal length lattice knots of type 4 1 (the minimal length is 30) [37] . None of these minimal length lattice knots can be placed in a cube of dimension 3, but a total of 864 lattice knots of length 30 and type 4 1 can be placed in a cube of dimension 4. The GAS algorithm, implemented with rigid rotations and reflections, detects all 864 minimal length states in a cube of dimension 4, and so the natural class for lattice knots of type 4 1 in a cube of dimension 4 is defined in this way. If the cube has dimension 5, then the algorithm detects all 3648 minimal length lattice knots of type 4 1 , and they can be placed 18048 distint ways, as shown in table 1. These observations are similarly true for larger cubes and the number of states of minimal length in the natural class is listed in table 1 and are detected by the algorithm.
The GAS algorithm was implemented using the data in table 1 and it sampled along GAS sequences in parallel on a multiprocessor computer. A total of 400 sequences were realised, each of length 2L × 10 6 iterations. For example, for L = 10, a total of 2 × 10 7 lattice knots in a cube of dimension 10 were sampled along each sequence, for a total of 8 × 10 9 iterations in total. The resulting data are approximate counts of lattice knots of length n in the natural class in a cube of dimension L; these are estimates of p n,L (K), the number of lattice knots in the natural class, of knot type K, and length n.
In figure 5 the estimates of the free energy per lattice site in cubes
, are plotted as a function of the concentration of vertices φ = n V for unknotted lattice polygons. The general
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appearance of these curves is similar to the curve due to Flory-Huggins theory shown in figure 4.
Unknotted compressed lattice knots
3.1. 1 . The free energy of compressed unknotted lattice knots: The Flory-Huggins mean field expression for F V (φ) is given by equation (9) . Since φ = n V , the contribution of the second term to this expression is small for larger values of φ, and the approximation
may be used to model the data in figure 5 . For example, when L = 10 then a least squares fit to the data gives
This suggests that a 0 = −0.4252 . . ., and the estimate for χ 01 is a finite L value of the Flory-Huggins interaction parameter:
The remaining estimates of χ 01 for 3 ≤ L ≤ 15 are listed in the second column of table 2. These data are plotted in figure 6 against 1 n . There remains some curvature in the data for small values of L, but an extrapolation by a quadratic polynomial for L ≥ 7 gives the limiting value χ 01 = 0.18, while a linear extrapolation also gives χ 01 = 0. 18 . Including all the data instead gives χ 01 = 0.18 (a quadratic extrapolation), and χ 01 = 0.15 (a linear extrapolation). Thus, we take as our best estimate χ 01 = 0.18(3). The free energy per monomer f t (φ) (see equation (11)) is plotted in figure 7 . The sharp decrease in f t (φ) at low concentration is due to the contribution of translational degrees of freedom to the entropy when the lattice polygon is very short, and can explore the volume of the confining cube freely. With increasing values of L f t (φ) appears to approach a limiting curve. There is a critical concentration φ * where f t (φ) has a local minimum. With increasing L, φ * appears to decrease in size.
When φ < φ * the lattice knot is short and translational degrees of freedom may make a contribution to the free energy. As L increases φ * should decrease to zero, and the minimum in the free energy should approach − log µ 3 (0 1 ), where µ 3 (0 1 ) is the growth constant of unknotted lattice polygons (see, for example, reference [19, 46] ). This is seen by noticing that at a concentration φ L = L V polygons have length L and the total number of states is of order O(L 3 p L,L ) O(L 3 p L (0 1 )), where p L (0 1 ) is the number of unknotted lattice polygons of length L. Taking logarithms, dividing by L, and taking L → ∞, gives log µ 3 (0 1 ), and φ L → 0 + . Table 3 : Estimated Flory interaction parameters from f t The Flory-Huggins approximation to f t (φ) is given by equation (13):
Taking the derivative of the right hand side shows that this is an increasing function of φ.
However the curves in figure 7 are not monotone, but go through a local minimum at a critical concentration φ * before increasing monotone as φ approaches 1. In order to estimate the Flory Interaction Parameter χ 10 from these data, a least squares fit of equation (17) was done against the data for φ > φ * (that is, on numerical data for concentrations where f t (φ) is monotone increasing). This is shown in figure 8 for L = 9: The location of the local minimum in
This gives an estimate of the limiting value of the parameter a 0 in equation (17), namely a 0 → 1−log µ 3 (0 1 ) as L → ∞. on the vertical axes in figures 7 and 8 denotes − log µ 3 (0 1 ).
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With increasing values of L the curves systematically decrease to an apparent limiting curve. Notice the behaviour at small φ where there is a sharp decrease in f t (φ) due to translational degrees of freedom at low concentrations. The dashed line is the limiting curve given by the approximation in equation (17) with a 0 = 1 − log µ 3 (0 1 ) and χ 01 = 0.18.
0
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The free energies f t (φ) of compressed unknotted lattice polygons in a cube of dimensions 9 3 . The local minimum is indicated by the bullet and it occurs at a concentration φ * . If L → ∞, then φ * should approach zero, and the local minimum in the free energy should approach − log µ 3 (0 1 ), where µ 3 (0 1 ) is the growth constant of lattice polygons of knot type 0 1 . In this case L = 9, the local minimum is at −1.3697, and the critical concentration is φ * = 0.1097. The dashed curve is the least squares fit of equation (17) for φ > φ * .
The least squares estimates of χ 01 from the data in figure 7 are functions of L. As L increases these should give an extrapolated estimate of the Flory Interaction Parameter of unknotted lattice polygons. In a cube of dimensions 9 3 (as in figure 8 ), a least squares fit gives a 0 | L=9 = −0.4107 . . . and χ 01 | L=9 = 0.2370 . . .. The estimates of χ 01 for the values of L ∈ {3, 4, 5, . . . , 15} are listed in table 3. Extrapolating the data with a quadratic gives the limiting estimate χ 01 = 0.17, and a linear extrapolation of the data for L ≥ 9 gives χ 01 = 0. 18 . These results are consistent with those determined from F V above.
Taken together, the consistent results for the Flory interaction parameter determined from F V (0 1 ) and f t (0 1 ) indicates the best numerical estimate of the limiting value of χ 01 from the numerical data in this study:
The value of a 0 in equation (15) is given by 1 − log µ 3 (0 1 ), and since numerical results indicate that µ 3 (0 1 ) ≈ µ 3 to at least 5 signficant digits [19] , one may approximate a 0 ≈ 1 − log µ 3 = −0.5442 . . . . This gives the model
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The osmotic pressure of compressed unknotted lattice knots:
The osmotic pressure Π 01 of unknotted compressed lattice knots can be calculated from equation (10) and the data for the free energy per site f t (φ). Π 01 is related to the derivate of f t (φ), and the data were smooth enough to make it possible to find numerical estimates of the osmotic pressure by using a numerical derivative of F V to φ. In particular, noting that if V is fixed and φ = n V , a central second order numerical approximation to the derivative was used:
The approximation to the osmotic pressure is
at the concentration which is given by the midpoint value φ = n V above. Π 01 (φ) is plotted against φ in figure 9 . There is a very good data collapse to a single curve for Π 01 , and the osmotic pressure generally increases with φ as expected. The numerical derivative is very sensitive to noise in the data, and the scattering of the points are due to inaccurasies in the numerical data.
Putting χ = 0.18 in equation (10) gives an expression for the osmotic pressure plotted in figure 9 . This expression is a good approximation for Π 01 for φ < 1 2 , but it deviates significantly from the data for high concentrations -this is not unexpected, since the osmotic pressure is a derivative quantity, and the approximation using the Flory-Huggins expression for the free energy ignored higher order terms which are likely becoming important for higher values of φ. 
•
• • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • .
.
•
• Figure 10 : The osmotic pressure Π 01 for compressed unknotted lattice polygons at low concentration. The pressure turns negative for low values of the concentration, and has a minimum at a critical concentration.
For small values of the concentration the data in figure 9 is magnified in figure 10 . This shows that there is an interval [φ 0 , φ m ] where the pressure is negative when φ 0 < φ < φ m . The pressure also goes through a minimum at a critical concentration φ c . The negative osmotic pressure corresponds to a regime when the lattice knot will tend to grow in length by adding edges. With increasing volume of the confining cube, these concentrations, namely 
. . Figure 11 : The critical concentration for the unknot (lowest three sets of data points denote by • for φ 0 , for φ c and for φ m ). The data for the concentration φ 0 for the trefoil knot are denoted by bullets (second set from above), and by for the figure eight knot (top set of points). 
• • • • • • • • • • • φ
• • • • • • • • • • • φ 0 (
. {φ 0 , φ c , φ m }, approach zero; see figure 11 .
Since a lattice knot of length n will have linear size O(n ν ), it will start to fill the confining cube when n ν ∼ L, or when n ∼ L 1/ν . This is the concentration where the osmotic pressure should vanish, and since φ = n V , the critical concentration φ m should be a function of L:
where the Flory value ν = 3 5 was used. The same scaling should apply to φ 0 and φ c . In figure 11 Equation (10) shows, that for φ → 0 + , Π 01 V = O(1). In other words since φ c is small and decreasing to zero as L increases, one expects Π 01 | φc ∼ L −3 . If equation (22) is also taken into account, then rescaling the osmotic pressure and concentration by plotting Π 01 L 3 as a function of φ L 4/3 should collapse the data in figure 10 to a single underlying curve. This is seen by rescaling and replotting the data in figure 12 . These data are still very noisy but for the larger values of L the data appear to cluster along a limiting curve.
Compressed lattice knots of knot types
. The free energy of compressed lattice knots of types 3 1 and 4 1 : The free energy per unit volume F V (K) of lattice knots of knot types 3 1 and 4 1 are plotted in figure 13 for lattice knots confined to cubes of dimension L and for L = 4, 5, . . . , 12. With increasing L the curves appear to approach a limiting curve which looks similar to the curves for F V (0 1 ) in figure 5 (the free energy per unit volume for the unknot). 
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Assuming the model in equation (9) gives the model
where χ K is the Flory interaction parameter for lattice knots of type K. Least squares fits of this model to the data in figure 13 give the estimates for χ 31 and χ 41 in the third and fourth columns of table 2. The estimates for χ 31 and χ 41 are significantly larger than for χ 01 for small values of L (say for L < 8), but for L > 10 the estimates converge to those measured for χ 01 . These estimates are plotted in figure 6 , with χ 31 represented by , and χ 41 by . Clearly, with increasing L, these estimates appear to converge to the same limiting values estimated for χ 01 (denoted by •).
The free energy per unit length, f t (K), is shown in figure 14 for lattice knots of knot type the trefoil, and in figure 15 for lattice knots of knot type the figure eight knot. The shapes of these curves are different from the results seen for the unknot in figure 7 , and in particular at small values of the concentration and also for smaller values of L.
Minimal length lattice knots of knot type the unknot have little configurational entropy, but also has a relatively large contribution to its free energy due to translational degrees of freedom at low concentration.
On the other hand, minimal length lattice trefoil and figure eight knots have a substantial configurational entropy, in addition to contributions from translational degrees of freedom at low concentration. The configurational entropy apparently underlies the differences seen between figures 7 for the unknot, and figures 14 and 15 for the trefoil and figure eight knots, respectively. These differences are illustrated in figure 16 for L = 10, and 
· · · · · · · · · · · · · · · · · · · · ·
· · · · · · · · · · · · ·· ··· ····· ·· ·· ·· · · · · · · · · · · · · · · · · · · · · · · ·
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The lattice knots were confined in a cube of dimension L = 10.
the free energies f t (K) are plotted for the knot types the unknot, the trefoil and the figure eight knot. The differences are particularly prominent for low values of the concentration. The analysis of the data for f t (K) proceeded in the same way as for the unknot. The minimum free energy was determined by finding the concentration φ * at the minimum of the curves in figures 14 and 15, and fitting the Flory-Huggins model to data with concentrations φ > φ * . This gives estimates for the Flory Interaction Parameter χ K for compressed knotted polygons. The results are in the second and third columns of table 3, and also plotted in figure 6 where the data points ♦ correspond to the results for the trefoil knot 3 1 , and the data points correspond to the results for the figure eight knot 4 1 . These results indicate that the estimate of the Flory interaction parameter χ K for knotted polygons is, in the limit that L → ∞, the same as for the unknot and that equation (18) remains the best estimate in this study.
The osmotic pressure of compressed lattice knots of types 3 1 and 4 1 :
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In the case of these non-trivial knot types, the osmotic pressure similarly turns negative at low concentration. However, the shapes of the low concentration osmotic pressure graphs differ from that of the unknot in figure  10 , as shown in figures 19 .
At a critical value of the concentration, φ 0 , the osmotic pressure vanishes. The critical concentration φ 0 is a function of L and also a function of knot type, as shown by comparing the left and right panels in figure 19 .
Negative osmotic pressures can be seen in figures 17 and 18, and the magnification of the axes in figure 19 confirms this. The data here show that these pressure curves are different from those observed for the unknot (see figure 9 ) since there are no local minima in these curves. Instead, the osmotic 
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• -25 25 Π 3 1 L 3 1 2 3 4 5 6 Figure 20 : The rescaled osmotic pressure for compressed lattice knots of knot type 3 1 plotted against the rescaled concentration. There is relative good data collapse for concentrations φ > φ 0 . If φ < φ 0 the lattice knot has negative osmotic pressure, so that it will add length until the concentration approaches φ 0 . For φ > φ 0 the osmotic pressure is positive, and the lattice knot will tend to shrink in length. These data show that φ 0 L 4/3 ≈ 3.94.
• -25 25 Π 4 1 L 3 1 2 3 4 5 6 Figure 21 : The rescaled osmotic pressure for compressed lattice knots of knot type 4 1 plotted against the rescaled concentration. There is relative good data collapse for concentrations φ > φ 0 . If φ < φ 0 the lattice knot has negative osmotic pressure, so that it will add length until the concentration approaches φ 0 . For φ > φ 0 the osmotic pressure is positive, and the lattice knot will tend to shrink in length. These data show that φ 0 L 4/3 ≈ 4.48.
